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We consider a stability of motion defined by a system of differential equations of perturbed
motion of the type
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where X;*, Y;* and Z,* are holomorphic functions coutaining no terms of order lower than
second in Zy,..., Tmi Y1sesr Ymi Spee-ey Sp. All roots of Eq. | p,, — 8,A| = 0 have, differ-
ent from zero, negative real parts.

Let us consider a system (0.1) with conditions

sk

Y=Y agy2+ 2 Pyl b + QG- T+
k=1 k=1

n
+ N L@ @) F R (1 Y D L) (0.2)
o=1
n
Z*= Z G T € AT iy R LK CPIPRIPN e o 7> PPN T WY i)
o=1

where a;, are constants; @;; and ® are holomorphic functions which vanish when x; =
=...= %, = 0; Py, are linear and @; are quadratic forms in s,,...,s; R; and R,  are holomor-
phic functions in zy,..., .} ¥15-.+y ¥pni-and {q,..., y, containing no terms of order lower than
third in these variables. Stability of this system was investigated in [1]. We attempt to
show that the unperturbed motion is unstable when X;* and Z_* satisfy the conditions (0.2).
Although the functions ¥,* and Z,* investigated in [1] represent a particular form throu-
ghout, function V proposed by the authors of [1] is not a Chetaev function unless additional

conditions are imposed on Y,;* and Z,*. Indeed, expression ([1], (2.8) ) e.g. contains agg-
regates of the form
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which include terms such as
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Obviously, in presence of such terms, dV/dt can assume, for V > 0, values of any sign.
It follows therefore that additional conditions must be imposed on ¥,* and Z,* when choo-
sing V according to [l], (2.5). These conditions are:
1) Wheny; = ... = ypp = §y = ...={, = 0 then all ¥;* = 0, and all Z,* = 0.

2) AllR; and R,” do not contain terms of order lower than second in Yirees Ym and sy,
ey Spe

1. Consider a system of Eqs. (0.1) assuming that X;* and Z_* vanish when y, =

=Ym = 81 = ... = s, = 0. This assumption does not reduce the generality of our_pr;:.b.l:m

[1].
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Let us transform (0.1), putting
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where X, and Y; are the values of functions X;* and ¥;* when
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We note that

a)wheny, = ..= py, = 2y = ...= zp, = Other X; = 0.

b} functions ¥, and Z, will also vanish identically when yy=—...== yp, = zy==...=2p,==0,
provided that all Y,* become identically zero wheny, =...== ¥ = S1 = ... = 8, = 0,

c) if all ¥; vanish when y; — ... = y,, = §; = ...= s, == Oand ¥, does not contain
terms of firat order in yy,..., ¥m with By Tees == Iy = 0 tzfxen functions Z, will not contain
terms of first order in yy,..., ¥, Whenzy = ..o== 2, = 0.

Let us now assume that Y, =0{(i=lyeeym)withy, = ... Ypy = 2, = .= Ip = 0
and, that when z; = ...= z,, = 0, then functions ¥, do not contam linear terms in ¥ q,e09¥m~

We shall show that the unperturbed motion is unstable.
Let us take the Chetaev fnnctmn in the form
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where W(2(,uees 3,) is & negatxve definite quadratic form sansfymg Eq.
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and v, are holomorphic ﬁmcuons of %4010y %, which become zero when ;3 = ... = zp, = 0
and which satisfy Eqs.
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When functions v, are chosen in this manner, then the derivative ¥’ can, by virtue of the
structure of nght—hand side parts of the system {1.2), be represented by
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where @;,and ¥ f“ l.we.cen:e ;erg_v!v/};ei i my ==, =0,
Let us consider the region V > 0. Obviously wi!hm this reg:on V is positive and becomes
zero only on the boundary of the region V> O where yy = ..=a =2, = ... = 2, = 0.

Hence the nnperturbed motion is unstable [4.

Note. It can easily be shown that in this case motions zy=vci(i = 1,..., m}, y1=1.-=¥n =
= 2; = ... = zp = 0 will, for sufficiently small ¢;, also be unstable.

2. We shall now consider the case when ¥, # 0 while y; &= ... = ¥y = 2y == ...= 2z, =0,
Assume that when z; = ... = 2, = 0 Y; has no terms linear’in y,, ...y, and that in (1.2)
we have
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where a;; and g are constants; fi,, $y, and @, are holomorphic functions of xy,e0us %,
vanishing whenz, = ... == 2z, = 0; Pj; are linear and Q, are quadratic forms in %y,eeey3p3
R, are holomorphic functions of Z;,..., Zy: Y15« 3 Ym; and Z,..., Zpy, containing no terms
01 order lower than third in the above variables and no terms of order lower than second in
Yyers ¥m 80d Zyp0ee 243 R, are holomorphic functions of 2y,...,Zm; Y1yeeey ¥y 88d Z3reeny 2y
vanishing when z, = y; = z, = 0, and containing no terms linear in z,..., z, when y; ==
== ... == yn. = O« We should note that if functions ¥, contain e.g. terms ;¥ when z; =
7=+ = Zp== () then functions z, may contain analogous terms when #y==...= z,, == (0 and
their order in %, will be, at most, higher by one. This property of Z, follows from (1.3).

We shall now show that the unperturbed motion is unstable, if:

a) nonlinear functions Y, and Z, satisfy conditions (2.1)

b) in each column of the matrix

i1 712 ¢ & » rlm

(2.2)
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the smallest numbers r;, (k = 1,... ~\ are even and corresponding magnitudes g,,, are of
the same sign.
Let us take the Liapunov function ¥ of the form [1]
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where Py, are functions of %4,..:, %,, which satisfy Eqs.
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Uy and Wy are linear and quadratic forms of 24,..., 2, defined from Eqgs.
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Function ¥ of the form (2.3) satisfies the Liapunov theorem on instability [3], therefore
the unperturbed motion is unstable. It is algo unstable if:

a) nonlinear functions ¥, and Z, satisfy the conditions (2.1);

b) diagonal elements ry, of the matrix (2.2} are odd and smaller than the elements of the
corresponding columa, and g,, > 0.

In this case the Liapunov function V can be written as

m m m n
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where Y, are functions of Zyyerey Tny satisfying
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n
o=1,...,n"
Ex (Pe = ©50) Vi + 81073 Pro = 0 (k =1,...,m
Functiox:‘s U, and W are linear and quadratic fglrms given by
v, o,
X _ ;
E Tzi-(Puzl+"'+szn)—““ 2 L <_6:zs> .
l-l 8 s .l k’0 i=1,....m
aW S ( - ”J
) = 3 2

Functlon V of the form (2.4) satisfies the Llapunov theorem on instability [3], therefore
the unperturbed motion is unstable.
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